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Data

Random sample of size n

p predictor variables

xi ∈ Rp, i = 1, . . . ,n

One target variable with k classes

yi ∈ {yi1, . . . ,yik}, i = 1, . . . ,n
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Basic SVM formulation

min
1

2
‖ω‖22

s.t: yi (ω
′xi +ω0)≥ 1 ∀i = 1, . . . ,n

ω ∈ Rp, ω0 ∈ R
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General SVM formulation

min

{
1

2
‖ω‖22+C

n

∑
i=1

di

}

s.t: yi (ω
′xi +ω0)≥ 1−di ∀i = 1, . . . ,n

ω ∈ Rp, ω0 ∈ R
di ∈ R+ ∀i = 1, . . . ,n
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Multiclass problem
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Sequential methods
Global methods

Weston-Watkins

min

{
k

∑
r=1

ω ′rωr

2
+C

n

∑
i=1

∑
j 6=yi

ξ
j
i

}

s.t: ω
′
yi
xi +ωyi0 ≥ ω

′
jxi +ωj0+2−ξ

j
i ∀i = 1, . . . ,n, j ∈ {1, . . . ,k}�yi

ξ
j
i ≥ 0 ∀i = 1, . . . ,n, j ∈ {1, . . . ,k}�yi

ωr ∈ Rp,ωr0 ∈ R ∀r = 1, . . . ,k
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Crammer-Singer

min

{
k

∑
r=1

ω ′rωr

2
+C

n

∑
i=1

ξi

}

s.t: ω
′
yi
xi +δyi j −ω

′
jxi ≥ 1−ξ

j
i ∀i = 1, . . . ,n, j ∈ {1, . . . ,k}

ξi ≥ 0 ∀i = 1, . . . ,n

ωr ∈ Rp,ωr0 ∈ R ∀r = 1, . . . ,k

δyi j ∈ {0,1} ∀yi , j ∈ {1, . . . ,k}
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Separation between classes

maxmin

{
2

‖ω1‖2
, . . . ,

2

‖ωm‖2

}

minmax

{
1

2
‖ω1‖22, . . . ,

1

2
‖ωm‖22

}
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maxmin

{
2

‖ω1‖2
, . . . ,

2
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}

minmax

{
1

2
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1

2
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Error functions

hI

(
x ,y ,H

)
=


max{0,min{1,1− sr (x)(ωt

r x+ωr0)} if x is well
classi�ed with
respect to H

0 otherwise

hO

(
x ,y ,H

)
=


1− s(x)r (ωt

r x+ωr0) if x is wrong classi�ed
with respect to H

0 otherwise
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Continuous variables

ωr ∈ Rp, ωr0 ∈ R, r = 1, . . .m

eir ≥ 0, i = 1, . . . ,n, r = 1, . . . ,m

dir ≥ 0, i = 1, . . . ,n, r = 1, . . . ,m
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Binary variables

tir =


1 if ωt

r xi +ωr0 ≥ 0

0 otherwise
, i = 1, . . . ,n, r = 1, . . . ,m

zis =


1 if i is assigned to

class s

0 otherwise

, i = 1, . . . ,n, s = 1, . . . ,k
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Binary variables

ξi =


0 if the class assigned to i

coincides with yi

1 otherwise

, i = 1, . . . ,n

hij =


1 if xj is well classi�ed and

is the representative of xi

0 otherwise

, i , j = 1, . . . ,n (yi = yj)
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MCSVM formulation

min
1

2
‖ω1‖22+C1

n

∑
i=1

m

∑
r=1

eir +C2

n

∑
i=1

m

∑
r=1

dir

s.a:
1

2
‖ω1‖22 ≥

1

2
‖ωr‖22 ∀r = 2, . . . ,m (1)

ω
t
irxi +wr0 ≥−T (1− tir ) ∀i ∈ N, r ∈M (2)

ω
t
irxi +wr0 ≤ Ttir ∀i ∈ N, r ∈M (3)

k

∑
s=1

zis = 1 ∀i ∈ N (4)
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MCSVM formulation

‖zi − zj‖1 ≤ 2‖ti − tj‖1 ∀i , j ∈ N (5)

ξi = ‖zi −δi‖1 ∀i ∈ N (6)

∑
j∈N:
yi=yj

hij = 1 ∀i ∈ N (7)

ξj +hij ≤ 1 ∀i , j ∈ N(yi = yj) (8)

hii = 1−ξi ∀i ∈ N (9)
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MCSVM formulation

ω
t
r xi +ωr0 ≥ 1− eir −T (3− tir − tjr −hij) ∀i , j ∈ N, r ∈M

(10)

ω
t
r xi +ωr0 ≤−1+ eir +T (1+ tir + tjr −hij) ∀i , j ∈ N, r ∈M

(11)

dir ≥ 1−ω
t
r xi −ωr0−T (2+ tir − tjr −hij) ∀i , j ∈ N, r ∈M

(12)

dir ≥ 1+ω
t
r xi +ωr0−T (2− tir + tjr −hij) ∀i , j ∈ N, r ∈M

(13)
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MCSVM (left) and OVO (right)
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Some MCSVM examples
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Computational experiments
Description

Dataset nTr nTe p k m mOVO

Forest 75 448 28 4 3 6
Glass 75 139 10 6 6 15
Iris 75 75 4 3 2 3
Seeds 75 135 7 3 2 3
Wine 75 103 13 3 2 3
Zoo 75 26 17 7 4 21
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Computational experiments
Average accuracy results

Dataset `1 RL `1 HL `2 RL `2 HL OVO WW CS

Forest 80.66 80.12 82.30 81.62 82.10 78.40 78.60
Glass 64.92 64.92 65.32 65.32 58.76 56.25 59.26
Iris 95.08 95.40 96.44 96.66 93.80 96.44 96.44
Seeds 93.66 93.66 93.52 93.52 91.02 93.52 93.52
Wine 95.20 95.20 96.82 96.82 96.34 96.09 96.17
Zoo 89.75 89.75 89.75 89.75 87.44 87.68 87.68
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Computational experiments
Glass detailed experiment
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Conclusions

We have developed a multiclass model that extends the idea of
binary SVM.

Our model obtains better or compared results on accuracy
with respect to traditional SVM multiclass methods.

We have proven that kernel tools are compatible with our
model.
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