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The discrete leader-follower location problem
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The discrete leader-follower location problem
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The discrete leader-follower location problem
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The discrete leader-follower location problem

» Two players, the leader (Firm A) and the follower (Firm B),
enter the market sequentially and decide where to locate
their facilities in order to optimize certain objectives.

» Leader’s problem: The leader enters the market first with p
facilities and seeks to minimize the maximum market share
captured by a future competitor.

» Follower’s problem: The follower opens r facilities at the
locations that maximize its market share.

1

upper level —  leader’s problem

Bilevel problem ,
lower level —  follower’s problem



The discrete leader-follower location problem

» Essential goods or services.

» Customer choice rule defined by an S-shaped function.
The binary rule is a borderline case of this kind of function.

» Market share:

Leader (firm A) with p facilities located at X, € LP
Follower (firm B) with r facilities located at Y, € L"

\l, Market share

Wa = Wr — Wp

n

Ws=Ws(Xo,Ys) =S wifi(6r)
N——

k=1
demand at Cx captured by B

where (Sk = dep — de, = dkA — dkB-




The discrete leader-follower location problem

0 if 5§ak
5— 2
2(—2)" i << Bt be
fk(é): bk—ak 2
6 — b \2 ax + bk -
1-2 <6< b
(bk_ak) = Tk
1 if 6 > by

where ax <0 < by, k € [1..n].



Linear formulations: follower's problem

Wg(Xp, Yr) = rex Wg(Xp, Y) (1)

1

m n
max > > hyizii

i=1 k=1

m
Syi=r
i=1

m
zii <1 k € [1..n]
=i,

=

z; < i i €[1l.m], k € [1..n]

zi, yi € {0,1} i€[1l.m], k € [1..n].

where:
yi— { 1 if the follower opens a facility at point /;
P =

0 otherwise

~_ | 1 if customer at ¢ visits a facility at point /;
%=1 0 otherwise.

hii = wicfi(8ki) and Oy = dix, — dii-



Linear formulations: leader’s problem

i Wg(X,Y). 2
i, e Wa(X. ) @

jed

k € [1..n]

i €[1.m], k € [1..n]
i€[l.m], k € [1..n].

where:

o 1 if the leader opens a facility at point /;
Xi= 1 0 otherwise

U — 1 if customer at ¢ visits a facility at point /;
ki 0 otherwise

and, for i € [L..m], k € [L..n] and j € J = [1..(T)],

;= wifi(8);) 8= di — diy; - 3)



Solution procedure: matheuristic procedure

Initialization: Iterations:
Solve the leader’s problem using the family F : X, Sr (X)
v If Sk (X) > W do W = Sk (X)

s feasible leader solutions Xi, i=1,..
Solve the follower’s problem for Xi, i=
Upper bound of W*: W = minS(X,)

i

Initial optimal solution: X* with S(X*) = W Solve the follower’s problem for X
Initial lower bound: W

Initial family of follower solutions: F
F={Y(X)}=1...s

If S(X) < W do W=S(X) and X*=X

1N0

New family of followers: F = F U {Y(X)} ‘

KERNEL SEARCH ALGORITHM:
[Guastaroba and Speranza (2012, 2014), Mansini and Speranza (1999)]

1. Solve the LP relaxation
2. Build the initial kernel and a sequence of buckets

3. Solve a MILP problem on the initial kernel

4. Repeat the following until a certain number of buckets have been analysed:
(a) Solve the MILP problem on the current kernel plus a bucket

(b) Update the current kernel




Solution procedure: exact procedure

Algorithm. Exact procedure to solve the leader-follower problem

1. Initialization.

1.1 Select s feasible leader solutions X;, i =1, ...,s.
1.2 Solve the follower problem for X;, i =1,...,s.
1.3 Calculate an upper bound W of the optimum W*
W = min S(X;).
I

1.4 Let X* = X with §(X) = W.
1.5 Let F = {Y;};_, be the selected family of good feasible solutions for the follower.
1.6 Set a lower bound W.

2. lterations. Repeat, until a stop rule condition is satisfied.
21 Doi=i+1.
2.2 Solve the leader problem using the family F of follower solutions.
Let X be the optimal solution obtained.
2.0.1 If the optimal value obtained Sx(X) verifies Sx(X) > W then do
W = Sz(X).
2.0.2 If W =W, then W* = W = W is the optimal value and X* is the
optimal location set for the leader.
2.3 Solve the follower problem for X.
2.0.1 If S(X) < W then set W = S(X) and X* = X.
2.0.2 If W =W, then W* = W = W is the optimal value and X* is the
optimal location set for the leader.

Set F = FU{Y(X)}, where Y(X) is the solution to the follower problem.




Solution procedure: matheuristic procedure

Algorithm. Kernel search heuristic to solve the leader-follower problem

1. Solve the LP-relaxation of the leader problem restricted to family F.

2. Build the initial kernel (K, U(K)) where
K = {x; such that x; # 0 for the LP-relaxation solution }

U(K) = {uk such that x; # 0}.

3. Sort the other variables according to a criterion based on their reduced costs
and build a sequence of disjoint variable buckets with the same given length,
except the last bucket which can have a smaller length.

4. Solve the MILP on the initial kernel.

5. Repeat until a certain number of buckets have been analyzed.

5.1 Let (K, U(K)) be the current kernel plus a bucket.

5.2 Solve the MILP on (K, U(K)) with two constraints:
5.2.1 Set an upper bound on the objective function value.
5.2.2 At least one facility of the current bucket must be selected.
Let K;r be the set of facilities of the current bucket that are selected in
the feasible solution.
Let K, be the set of facilities belonging to the current kernel that have
not been selected in t of the previously solved restricted problems since
they have been added.

5.3 Update the current kernel:
K« KU KM\ K, .




Computational example (5 x 4 x 20 = 480 scenarios)

Customer choice rule

Binary ©n = 0.5

Si-function (£(0)), k =1,...,5, where:

ax = —ay X p, by = Bk X p with p = average |dy; — dij|, k € K, i,jel, i#j
ay = B, = 0.01,0.05,0.10,0.25 and ay, Bk randomly generated with uniform
distribution in [0.01, 0.25]

Kernel search parameters

Initial kernel size: g= number of nonzero variables in solution to relaxed problem
Bucket size: lbuck = q
Number of buckets: nbuck = [ 711
i ! ibuck | - .
Maximum number of buckets investigated: nbuck = min{nbuck, 3}
Parameter for location variables elimination from the kernel: s = 2

Demand configurations

20 instances (Alekseeva et al, 2010): C = L, n = m = 100.
10 spatial configurations. Instances 1-10: wy = 1, Vk.
Instances 11-20: wy generated by a uniform distribution in [0, 200].

Initial solutions

p-median, solution obtained via the alternating algorithm.
Initial family: (r|X)- medianoid for X the p-median, r-median, and
(r|X)-medianoid for X solution via alternating heuristic.




Results. Binary rule

Table: Binary rule. Average values for different procedures and scenarios

Scenario w* ER T ITO T TO AW*

p r Instances (%) (s) (s) (%)
Exact
2 2 1-10 52.30 0 10.00 420 77.69 22.99
2 2 11-20 | 5370.35 0 1470 9.20 86.92 44.63
2 3 1-10 72.05 0 4190 20.70 1374.91 558.50
2 3 11-20 | 7273.95 0 51.40 16.20 1562.71 170.01
3 2 1-10 37.20 0 1200 6.60 95.30 41.42
3 2 11-20 | 3756.30 0 1520 10.40 134.86 100.32
5 5 1-10 5345 020 53.10 15.80 3844.15 202.58
5 5 11-20 | 5386.90 0.11 75.20 52.10 13434.71 5963.88
RKS
2 2 1-10 52.30 8.00 4.10 12.59 6.48 0
2 2 11-20 | 5402.90 18.50 6.50 32.99 10.22 0.34
2 3 1-10 72.60 29.50 3.80 46.80 5.82 055
2 3 11-20 | 7375.10 17.30  5.60 31.69 8.26 0.97
3 2 1-10 37.45 1020  7.40 16.78 1236 0.25
3 2 11-20 | 3771.35 29.60 6.80 59.12 11.98 0.15
5 5 1-10 53.45 33.80 15.30 91.04 36.31 0
5 5 11-20 | 5403.00 62.70 38.30 277.39 161.07  0.16
KS

2 2 1-10 52.30 10.40  4.50 44.06 14.70 0
2 2 11-20 | 5378.00 14.00 9.10 67.07 37.75  0.09
2 3 1-10 72.35 3410 15.20 196.47 68.62 0.30
2 3 11-20 | 7301.95 60.80 18.10 491.80 83.73 027
3 2 1-10 37.20 1260  6.90 65.46 35.81 0
3 2 11-20 | 3756.30 2420 8.90 138.29 56.09 0
5 5 1-10 53.35 49.80 19.10 1132.37 162.79 -0.10
5 5 11-20 | 5394.35 77.20 3920 3721.35 1308.11 0.07




Results. Binary rule

Table: Binaryrule p=r=5

Exact RKS KS
In| W* ER IT ITO T TO w* IT ITO T TO AW wW* IT ITO T TO  AW*
1 53 0 54 10 1596.80 52.01 | 53.50 37 22 87.02 4580 050 53 52 19 526.64 93.23 0
2 53 0 38 1 755.88 59.64 53 25 9 5122 1349 0 53 36 10 33420 36.98 0
3 55 1 100 19 17017.02 350.61 55 57 8 198.08 1281 0 55 100 7 5303.26 26.05 0
4 55 1 100 9 12736.50 44.94 54 45 43 14793 138.81 -1 54 74 13 2092.76 75.71 -1
5 53 0 39 20 1111.03 288.02 53 28 16 6633 3142 0 53 40 25 64493  276.44 0
6 53 0 38 25 854.99 351.65 53 31 31 718  71.86 0 53 39 33 42502 327.04 0
7 53 0 2 16 1336.56 160.92 53 22 6 4575 9.19 0 53 32 30 321.34 28533 0
8 53 0 34 12 609.12 80.75 53 26 18 6651  39.72 0 53 3 11 41249 64.09 0
9 53 0 45 0 1556.72 0 53 31 0 9356 0 0 53 47 0 78292 0 0
10| 5350 0 41 36 866.89  637.27 54 36 0 8211 0 050 5350 45 43 480.15  443.05 0
Av| 5345 020 5310 1580  3844.15 20258 | 5345 3380 1530 91.04 3631 0| 5335 4980 1910 113237 162.79 -0.10
1 4550 0 29 13 208.38 52.54 4550 21 11 4199 1931 0 4550 32 12 184.18 41.72 0
12 5698 0 93 64 16127.27  4752.99 5716 100 38 41818 11362 017 5698 95 28 447534 287.91 0
13 5136 0.41 100 91 31207.86 22652.04 5136 93 88 626.18 571.33 0 5136 100 91 844167 6636.40 0
14 | 5354.50 0 86 37 7650.40 826.97 | 5391.50 86 12 43662 2354  0.37 | 5354.50 87 42 436949 62292 0
15 | 5669.50 0.35 100 96 27970.40 24412.06 | 5669.50 69 69 28479 28479 0 5671 100 27 388379 26899 0.01
16 | 5173.50 0 69 51 3317.14  1625.56 | 5173.50 52 20 16544 4258 0 | 517350 72 21 189435  214.80 0
17 6046 0 3 48 475783 1517.71 6046 46 28 13396 6574 0 6046 75 47 2025.60  762.42 0
18 5153 0 67 43 338522 102236 5191 56 31 18357 7551 040 5153 3 32 249084  391.28 0

19 5696 035 100 43 3921541 2269.38 5696 7 70 40948 38459 0 5769 100 68 9124.16 3691.15 0.70
20 | 5392.50 0 35 35 507.18 507.18 | 5460.50 32 16 7370 2973 0.66 | 5392.50 38 24 32408  157.50 0
Av |5386.90 0.1 7520 5210 1343471  5963.88 5403 6270 3830 277.39 161.07 0.16 | 539435 77.20 39.20 3721.35 1308.11 0.07




Results. S-function

Table: S-shaped function. Average values for exact procedure and different scenarios

Scenario w* ER IT ITO T T0

S p r_lnstances (%) (s) (s)

12 1-10 52.31 0 103 32 83.58 16.72
122 11-20 | 5357.69 0 139 73 84.64 3223
12 3 110 71.99 0 438 197 1477.82 482.15
123 11-20 | 7269.08 0 481 232 1296.66 399.50
132 10| 3715 0 116 89 9339 6851
13 2 11-20 | 3750.31 0 151 82 136.78 67.04
1 5 5 1-10 53.24 008 548 303 5006.03 1477.84
1 55 11-20 | 538226 0.14 743 36.1 10875.83 2773.17
2 22 110 52.04 0 91 27 73.20 15.92
2 .22 11-20 | 5341.50 0 135 85 83.60 46.03
2 23 1-10 71.91 0 421 213 1337.61 497.47
2 23 11-20 | 7252.09 0 476 261 1248.92 592.79
2 32 1-10 36.94 0 117 97 11737 97.67
2 32 11-20 | 3742.80 0 154 83 154.10 79.43
255 10| 5285 0 486 208 452022 205645
2 55 11-20 | 5324.36 0 642 468 10299.19 4458.78
3 2 2 1-10 51.88 0 85 63 70.02 45.65
322 11-20 | 5298.78 0 115 8 64.71 39.83
3 23 1-10 7147 0 367 141 944.61 278.01
323 11-20 | 7204.36 0 432 154 1062.78 311.95
3 3 2 1-10 36.92 0 107 9 11413 100.80
332 11-20 | 3726.01 0 14 99 138.41 104.95
3 55 1-10 52.51 0 398 194 1582.85 241.18
355 11-20 | 5269.61 0 508 35 4942.89 2972.60
4 2 2 1-10 51.47 0 54 14 35.25 8.61
4 2 2 11-20 | 5180.06 0 71 49 27.88 17.84
4 2 3 1-10 70.07 0 231 13 418.54 14275
4 2 3 11-20 | 6953.81 0 209 114 260.61 137.70
4 3 2 1-10 36.76 0 84 53 7131 47.21
4 3 2 11-20 | 3662.33 0 89 66 58.96 45.80
4 55 110 51.42 0 18 125 228.49 112.58
4 5 5 11-20 | 5158.16 0 239 185 655.49  413.79
52 2 110 51.72 0 81 29 59.33 15.27
5 2 2 11-20 | 5232.43 0 99 62 50.62 27.95
523 10| 7096 0 336 153 86211 21515
5 2 3 11-20 | 7083.66 0 337 13 668.86 213.38
5 3 2 110 37.39 0 133 9 135.07 98.51
5 3 2 11-20 | 3715.43 0 113 83 86.36 60.85
5 5 5 1-10 5291 001 513 403 3763.70  1965.34
5 5 5 11-20 | 5300.14 0 596 339 6268.37 1478.33




Results. S-function

Table: S-shaped function. Average values for RKS and different scenarios

Scenario w* IT ITO T TO AW*
Instances (5 (5 (%)
1-10 52.48 25.9 27 46.26 437 0.17
11-20 | 537328 274 59 45.47 9.29 017
110 7287 658 21 11818 3.49 0.88
11-20 | 731496 583 4.6 137.75 8.24 044
1-10 3738 92 71 16.02 1201 023
11-20 | 3779.57 199 6.6 4581 1267 0.32
110 53.46 48 188 157.25 49.05 0.22
11-20 | 5386.83 56 272 256.90 94.61 0.04
110 5244 242 21 4271 354 040
11-20 | 537549 275 6.1 46.56 9.97 0.35
1-10 72.84 55 23 117.70 370 093
11-20 | 733001 415 58 93.05 9.55 0.75
110 37.08 178 59 27.52 9.95 0.14
11-20 | 377008 209 59 4134 1174 029
110 | 5294 396 104 11624 5600 009
11-20 | 5334.03 534 314 227.21 97.55 0.10
1-10 5198 56 31 9.67 540 011
1120 | 532239 268 65 4696 1123 024
110 7219 46 41 99.63 6.72 072
0.53
1-10 3721 353 54 7167 963 029
11-20 | 375025 553 4.4 116.82 759 026
110 5274 439 195 13643 4921 023
11-20 | 5282.84 516 202 198.58 52.95 013
1-10 5155 232 05 4149 0.98 0.08
11-20 | 5206.83 247 23 37.43 410 028
1-10 70.77 555 4 10525 7.22 0.70
11-20 | 6985.38 452 3.4 74.28 572 031
110 36.87 26 43 53.49 7.48 0.11
11-20 | 3693.58 262 4.9 4433 9.07 033
110 5154 203 72 4442 1392 0.12
11-20 | 5170.32 27.2 131 7493 36.75 0.11
1-10 5197 24.7 3 4151 532 0.25
11-20 | 525583 175 55 27.84 9.15 0.27
1-10 7173 741 51 15334 8.90 077
11-20 | 7136.72 383 6.1 10234 11.00 051
110 37.71 45 43 105.03 7.49 0.32
11-20 | 3719.57 186 7 3640 1283 0.04
110 5313 479 202 17804 5802 022
11-20 | 5315.08 556 252 237.51 70.85 0.15
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Results. S-function

Table: S-shaped function. Average values for KS and different scenarios

Scenario we IT ITO T T0 AwW*
r_Instances (s) (5 (%)
5231 178 4.6 137.10 17.13 0
11-20 | 5357.69 2 79 101.69 28.96 0
110 7206 303 16.1 173.25 81.25 0.07
11-20 | 7284.31 488 188 338.53 10303 015
1-10 3715 119 91 63.12 43.21 0
11-20 | 375031 14.2 8 87.77 45.25 0
110 53.22 53 317 108883 505.17 -0.01
11-20 | 538552 79.4 489 3454.97 1938.09 0.03
110 52.04 88 34 34.59 10.64 0
11-20 | 534150 127 8.1 55.73 31.67 0
110 | 7217 424 115 30218 5889 026
11-20 | 729520 393 19.6 248.16 10553 0.42
110 36.96 12.1 10 7110 61.72  0.02
11-20 | 374280 147 9.1 108.16 70.64 0
1-10 5285 485 354 1109.14 859.44 0
11-20 | 5326.53 63.7 46.5 2452.67 1603.04  0.02
1-10 5189 84 64 36.48 25.68 0.01
1120 | 520950 196 7.7 9718 2016 0.1

110 | 5251 305 253  644.34  270.76 0
11-20 | 5269.61 49.7 29.7 1350.96  576.71 0
110| 5147 48 13  17.98 5.01 0

11-20 | 523243 93 63 3711 24.46
110 | 7100 497 116 34377 4948 0.04
11-20 | 711621 48.7 7.9 34111 3489 031
110 | 3739 217 83 11928  49.16 0
11-20 | 371585 20 84 10230 5032 0.004
110 5291 506 402 118993  667.31 0
11-20 | 5300.14 60 367 1919.55 712.13 0
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Results. S-function

Table: Scenario S=p=r=5

Exact RKS KS
In w* ER IT ITO T TO w* IT ITO T 70 AW w* IT ITO T TO AW
1 52.58 0 48 40 1132.92 756.71 52.72 30 12 74.52 23.53 0.13 52.58 48 40 491.20 364.03 0
2 51.86 0 26 16 340.94 133.16 51.86 19 12 3878 2211 0 51.86 24 15 155.01 73.45 0
3 53.44 0 74 52 1132670 5605.90 53.44 56 45 23636 175.84 0 53.44 72 46 270442 1105.75 0
4 52.59 0 44 44 1660.90  1660.90 5259 36 36 12020 120.20 0 5259 43 43 70250  702.50 0
5 54.42 0.09 100 49 12086.81 2012.61 54.45 55 14 232.68 33.63 0.04 54.42 100 54 4376.30 1258.45 0
6 52.08 0 15 13 13213 106.11 53.03 28 4 6830 6.50  0.96 5208 18 15 106.87 81.48 0
7 53.65 0 77 74 575494 524734 54.41 100 6 447.93 1013 075 5365 81 80 186154 1819.98 0
8 52.36 0 28 27 331.78 308.82 52.36 22 21 50.64 47.86 0 52.36 28 27 262.74 247.45 0
9 53.03 0 56 53 3477.90  3017.05 53.19 100 19 418.93 48.33 0.16 53.03 49 47 665.44 621.70 0
10 53.06 0 45 35 1391.99  804.82 5324 33 33 9208 9208 0.18 53.06 43 35 57327 39833 0
Av 5291 0.01 51.3 403 3763.70  1965.34 53.13 479 202 178.04 58.02 0.22 5291 50.6 40.2 1189.93  667.31 0
11 | 4332.52 0 58 51 1083.25  830.34 | 433252 38 34 90.06 78.10 0]433252 56 48 54623  431.34 0
12 | 5708.44 0 95 48 2071320 3379.20 | 5708.44 100 39 513.99 124.60 0 |5708.44 92 47 5654.79 1124.12 0
13 | 4816.27 0 21 6 313.87 29.58 | 4816.27 18 4 39.81 6.87 0 | 4816.27 21 6 163.90 23.51 0
14 | 5365.27 0 49 17 2374.87 171.90 | 5432.16 42 26 115.87 61.82 0.67 | 5365.27 49 14 677.77 90.39 0
15 | 5461.23 0 53 53 2290.71 229071 | 5529.09 48 15 170.03  35.07 0.66 | 5461.23 58 58 1400.19  1400.19 0
16 | 5203.66 0 5 28 2742.44 50157 | 5203.66 100 19 459.73  42.71 0]5203.66 53 28  713.99  241.24 0
17 | 5929.46 0 68 47 3688.91 1507.28 | 5944.10 53 50 19458 176.13 0.13 | 5929.46 70 36 2250.47 526.13 0
18 | 5168.43 0 66 60 7107.98 5580.30 | 5168.43 42 38 147.42 12554 0516843 70 61 2003.68 1524.65 0
19 | 5625.42 0 92 18 21851.00 43248 | 562542 89 11 583.20  24.65 0562542 97 58 5468.86 1707.57 0
20 | 5390.68 0 35 11 517.48 59.97 | 5390.68 26 16 60.37 33.01 0 | 5390.68 34 11 315.59 52.12 0
Av | 5300.14 0 596 339 6268.37  1478.33 | 5315.08 55.6 252 237.51 70.85 0.15 | 5300.14 60 36.7 1919.55 71213 0




Conclusions

>

>

>

The heuristics provide good objective values, with time requirements that are
lower than those of the exact procedure. This advantage is more significant in
cases where the times consumed by the exact algorithm are high.

In particular, for the scenarios with the highest time consumption (S=p=r=5,
instances 11-20):

> The exact procedure reaches the optimum for all scenarios and the average
time values are T = 6268.37 and TO = 1478.33.

> For the RKS heuristic the average times are T = 237.51 and TO = 70.85,
and the average AW* is 0.15.

> KS reaches the optimum for all instances (AW™* = 0) with average times
of T =1919.55 and TO = 712.13.

A deeper analysis could provide more information about the performance of the
algorithms and suggest areas for improvement.

Other lines of research:

» It would be useful to apply the proposed solution procedure
with different customer choice rules and demand assumptions,
and to search for good criteria to sort variables at the
bucket-building stage.

» Comparison with other heuristic procedures.

» Analysis with different parameter values.



