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@ Set covering location problem (SCP)

H C. Toregas, A. Swain, C. ReVelle, and L. Bergman.
The location of emergency service facilities.
Operations Research, 19:1363-1373, 1971.

e Maximal covering location problem (MCLP)
[d R. Church and C. ReVelle.

The maximal covering location problem.
Papers of the Regional Science Association, 32(1):101-118, 1974.
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A general covering location model

3 S. Garcia and A. Marin.
Covering location problems.
In G. Laporte, S. Nickel, and F. Saldanha da Gama, editors, Location
Science, chapter 5, pages 93—113. Springer, 2015.
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A general covering location model

[§] S. Garcia and A. Marin.
Covering location problems.
In G. Laporte, S. Nickel, and F. Saldanha da Gama, editors, Location
Science, chapter 5, pages 93—113. Springer, 2015.

Notation:
I = Set of potential locations for facilities,
= set of demand points,

f; = operating cost in location i,

aj = binary parameter indicating whether i covers j or not,

e; = maximum number of facilities that can be operating in i € /,
b; = coverage threshold of j,
gjk = negative cost for j if it is served by at least b; + k facilities,

(g1 <g2<...<gjk|)
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Notation:
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A general covering location model

Notation:
| = Set of potential locations for facilities,
J = set of demand points,
f; = operating cost in location i,
aj = binary parameter indicating whether i covers j or not,
e; = maximum number of facilities that can be operating in i € I,
b; = coverage threshold of j,
gjk = negative cost for j if it is served by at least b; + k facilities,

(g1<g2<...<gk)
[ | H B [ | | RN | ]
N J
v
g bj _
vk:
bj +k — Zgjk/
k/=1
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A general covering location model

min Y fiyit Y > gkWiks

icl jed kek
st Yw<p,
iel
Za,'jy,':bj'f—Zij7 jEeJ,
i€l keK
y,-E{O,...,e,-}, i€l
wjc € {0,1} jel, keK.

Marin, Martinez, R.Chia, and Saldanha

A stochastic multi-period covering model September 27-29, 2017



A general covering location model

min Zly,— + Z Z Owjy,

icl jed kek
st. Sy <|ll,
iel
Zaij)/i:1+ Z Wik, J€J,
iel keK
yi € {0,1}, i€l
wje € {0,1} jeJ keK.
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A general covering location model

K|
min ZOy; + Z(—l)le + Z Z 0wk,
icl jeJd jed k=2
s.t. Zy/ < P,
i€l
Za;jy,-:O—l—Zij, jEJ,
iel kek
yi € {0,1}, i€l
wix € {0,1} jeJ, keK.
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The proposed model

Two relevant features:
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The proposed model

Two relevant features:
@ Multiperiod problem in a finite planning horizon

[ G. Gunawardane.

Dynamic versions of set covering type public facility location
problems.

European Journal of Operational Research, 10(2):190-195, 1982.
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The proposed model

Two relevant features:
@ Multiperiod problem in a finite planning horizon

[ G. Gunawardane.

Dynamic versions of set covering type public facility location
problems.

European Journal of Operational Research, 10(2):190-195, 1982.
@ Uncertainty

[§ A. K. F. Vatsa and S. Jayaswal.
A new formulation and Benders decomposition for the

multi-period maximal covering facility location problem with
server uncertainty.

European Journal of Operational Research, 251:404-418, 2016.
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Sets:
T=A{1,..., T} set of periods in the planning horizon.
I=A{1,...,m}, set of potential location for the facilities.
J=A{1,...,n}, set of demand points.
S=A{1,...,S}, set of scenarios.
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Sets:
T=A{1,..., T} set of periods in the planning horizon.
I=A{1,...,m}, set of potential location for the facilities.
J=A{1,...,n}, set of demand points.
S=A{1,...,S}, set of scenarios.

Parameters:

oir, cost of opening a facility at / € I at the beginning of t € 7.

cit, cost of closing a facility at i € | at theend of t € T\ {T}.

fir, cost of operating a facility at i € | during t € T.

e;, maximum number of facilities that can be operating in i € /.

pt,  maximum number of facilities that can be operating in t € T.

Vio, number of facilities that are open at i € | before the beginning
of the planning horizon.
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Parameters depending on the scenario:
ms, probability that scenario s € S occurs. (ms > 0 for s € S and
ZSES TTs = 1)'
aj;, (binary) parameter indicating whether i € / can cover j € J in
t €7 under s € S.
minimum number of facilities requested to cover j € Jint € T
under s € S.
8jkr» Negative cost for covering j € J with a surplus of at least k
facilities in t € 7 under s € S. (g, < gp¢ < ... < gﬁ|Kﬁ|f)

S
bj;,

h3.. penalty for a shortage of at least k facilities in the coverage of

J
jeJinteT underseS. (h, <hH <...< hleﬁ'\t)
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bS

%, minimum number of facilities requested to cover j € Jint € T

under s € S.
gﬁ(t, negative cost for covering j € J with a surplus of at least k
facilitiesin t € T under s € S. (g, < g < ... < gj| |t)

h%.. penalty for a shortage of at least k facilities in the coverage of

j€JinteT underseS. (hy, < h, <...< Ks/lt)
H B B ] H B 0
— _/
v
— bs't
J _/
vk
k'=1
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b5, minimum number of facilities requested to cover j € Jint € T
under s € S.
gﬁ(t, negative cost for covering j € J with a surplus of at least k
facilitiesin t € T under s € S. (gfj; < g < ... < 8 ks |,_b)
h%.. penalty for a shortage of at least k facilities in the coverage of
je€JinteT underseS. (hy, < hH, <...< Ks/|t)
H H B [ -0 H
- /
v
S
bjt
- /
~N

bs, — 1 — hiy,
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bS

% minimum number of facilities requested to cover j € Jint € T

under s € S.
gjskt, negative cost for covering j € J with a surplus of at least k
facilities in t € 7 under s € S. (g1 < 8p¢ < - < &= |t)

ke Penalty for a shortage of at least k facilities in the coverage of

je€JinteT underseS. (hy, < hh, <...< Ksllt)
T R | 0 0 - [ H
- i
'
b;t
- i

~~
S S
b3, — 2 = h3y, + iy,
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bS

%, minimum number of facilities requested to cover j € Jint € T

under s € S.
ikt Negative cost for covering j € J with a surplus of at least k
facilitiesin t € T under s € S. (gfi; < gy < ... < gJ| |t)

fkt, penalty for a shortage of at least k facilities in the coverage of

jeJinteT underseS. (hy, < h, "ShilKﬁ’lt)
- _
VT
bjt

~—

S S
bjt —k— E hjk,t
k'=1
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N. of facilities opened in i € | at the beginning of t € T.

N. of facilities closed in i € [ at theend of t € T\ {T}.

N. of facilities operatingini€land t € 7.

1, if demand point j is covered by at least b, + k
facilities in period t and scenario s,

0, otherwise,

with j € J, k € K,

jto

te7T,seS.

1, if demand point j is covered by at most bj, — k

facilities in period t and scenario s,

0, otherwise,

withje J, ke Kf, teT,seS.

Where K; = {1,...,p: — bj,} and Kif = {1,..., b},}.
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Formulation

Objective function:

O.F.(GSMC) = Y- M opze+>. > ciezh +>.> fuvie

iel teT iel teT\{T} iel teT
S S S S
T2 DL D G T 2L DL D B
sES teT jed kekK;, teT jed keKjs
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min  O.F.(GSMC)
i Y
icl
Yit = zi1 + Yio,

/
Yit = Yijt—1 + Zit = Zj y_1,

teT,

i€l
ielteT\ {1},

DGk =bi+ Y W= Y Vi JEJtET SES,

iel keK:
S S

Witt + Vit < 17
S S

Wiy < Wiy,

S S

Vike < Viies

Yit S {O,...,e,-},

Zip € {0, Ceey e,-},
!

Z,-t € {0, ey e,-},
S

ijt € {071}7

Vike € {0,1},

kEK?
jesteT,seS,
jeJteT,seS ke K\ {1},
jedteT,seS, e K\ {1},
ielteT,
ielteT,
ielite T\{T},
j€SkeK;,teT,seSs,

jed keKiteT,scS.
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min  O.F.(GSMC)

z, €{0,..., &}, iclteT\{T}, (10
Wi €{0,1}, jeEJkeKteT,seS, (11
Vie € {0, 1}, jEJkeKE teT,seS. (12

s.t. Zyit < ps, teT, (1)
icl
yin = zi1 + Yo, iel (2)
y;t:y,-’t,l—f—z,-t—z,-’t L ielteT\{1}, 3)
Za;j-tyit Z Wit — Z Vie, JEJtET,s€S, 4)
icl kEKS keK!s
Wi + vie < 1, jedteT,seS, (5)
Wit < Wi, jeJteT,seS ke Ki\ {1}, (6)
Vie < Vi, jedteT,seS, e K\ {1}, (7)
yie €{0,..., e}, ielhteT, (8)
ziy €{0,..., e}, ielteT, (9)
)
)
)
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Removing y-variables (GSMC’)

t

yit:}_/i0+ZZiT_Zzl{’r’ ielateT'

Objective function:

0.F.(GSMC’)
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=1

S <o,t 5 f,T)

iel teT

T
+Z Z Cit — Z fir Z,{t+zzfit)_/i0

i€l teT\{T} T=t+1 il teT
S S S S
FXms (DD D GaWie T DD D hievike
seS teT jed kekK; teT jed keKj’ts



min  O.F.(GSMC')
st (5) = (7),(9) — (12),

t t—1
5 (y D z;;) <p e 13

iel
Z aut (y:O + ZZIT Z Z,T> =
iel
= b5+ Z =Y Vi J€JteT,seS, (14)
keK; keKy:
t t—1
7"0+ZZ:'T—ZZ?T <e, iel teT, (15)
y,o+Zz,T Zz >0, iel teT. (16)
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Lagrangian relaxation based procedure

Relaxation of constraints:

Zaljt (yIO+ZZIT ZZ,T>bS Z Z Vﬁ(t,je./,tET,SES.
iel

keK; keK;s
Objective function:

;;(aﬁzf,f) Zet Y Y. (c,-t ET: f,-T> 2+ 33 figio

iel teT\{T} T=t+1 iel teT

S S S s
+ E s E E E ikt Wikt + E :E : E : hjktvjkf
seS teT jeJ keK: teT jed kek(s

PRI (Z <y,o N ZZ,T Z))

iel

s s
DD G B D Wit D Ve
JEJ teT se€8 keK; keK.f
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Constraints:

\ET

iel

t t—1
- !
Yio + E Zir — E z,. < e,
T=1 T=1
t t—1
- !
Yio + E Zir — E z. >0,
=1 =1

ziy €{0,...,¢},

z,-’t €{0,...,e},
Jlt + V1r <1,
Wie < Wiie,

Jkt < Vlta

ke € 10,1}

Martinez, R.Chia, and Saldanha

t t—1
(o3 Sat) <o
T=1 T=1

A stochastic multi-period covering model

teT,
iel, teT,

iel, teT.

ielteT,
ieliteT\{T},
jesteT,seS,
jeJteT,seS ke K\ {1},
j€JteT,seS,e K\ {1},
jed ke Jt,teTseS

jedkeKiteT,seS.

September 27-29, 2017



(LR1,) mmzz 0:t+z ﬁrJrZZ (e ,JT Zip+

iel teT jEJ seS
)IDONI P SIS 5) S S]
iel teT\{T} T=t+1 Jj€J s€S
PIPBUEDIPILTEAIL
iel teT JEJ s€S
s (y,ozzw z) <p et
iel
7f0+22;7722f7§e;, iel teT,
T=1 =
t t—1
)7fo+ZZ;T—ZZ,-’T20, iel teT,
zr €{0,... e}, ielteT,
7, €40,..., &}, ielteT\{T}.

Marin, Martinez, R.Chia, and Saldanha A stochastic multi-period covering model September 27-29, 2017 16 / 27



(LR24) m'“ZZZ Z Ts8jkt — Cje) Wkt +

JjEJ teT seS ker

Z Z Z Z (Wshfkt + ajt)vﬁ(t

JEJ teT S€S kek/s

=20 ) aGib

JEJ teT seS
stwiy,+ v <1, JEJtET,s€S,
Wike < Wjle, jedteT,seS ke Ki\ {1},
Vie < Vit jeJteT,ses, e -\{1},
Wik € {0,1}, jeEJkeKiteT,seS,
Vie € {0, 1}, jedkeKs teT,ses.
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Proposition

Subproblems LR1, and LR2, have the integrality property.
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@ Lagrangian relaxation of the linear relaxation of GSMC".
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Proposition

Subproblems LR1, and LR2, have the integrality property.

@ Lagrangian relaxation of the linear relaxation of GSMC".

@ Using the solutions of LR1,, allows to obtain a feasible solution for
the model.
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Deriving feasible solutions

Let {z*,2"*} be an optimal solution to (LR1,) and (UB,):

mind" ( .S f> 44y Y ( : Z f)

icl teT T=t iel teT\{T}

+szit}7i0 +Z7Ts ZZ Z gﬂt"vﬂt'i'zz Z h;ktvjit

iel teT seS teT jeJ keK; teT jed keKj’;
t t—1

§ s § s E s - § * § "% s

s.t. ijkt - ijt - aijt Yio + Zir — Zir | — bjt?
kEKS keK)S iel =1 =1

jed,teT,seSs,

Wflt""/jslt<1a

Wie < Wi, jeEJteT seS keK;,
Viie < Viies jeJteT,seS keKs,
Wi € {0, 1}, jedteT,seS keKs,
viie € {0, 1}, jeEJteT,seS keKs.
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H S S S s
(UB4jts) min E Ts8jkt Wike + E Ts Mo Vike

keK; keK;?

t—1

s.t. Z Wikt — Z Vike = Z a | Yio + Z z; Z z: — b3,

keK: keK': il =1 =1
V'/jslt +v jlt <1,
Wike < Wjig, k € Ky,
Vﬁ(t S Vjsltv k e K//ts7
Wﬁ(t € {O’ 1}7 k e _jt’
Vie €10,1}, k e Kfts

September 27-29, 2017 20 / 27
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V(UBa) = z Z Ojt + Z fir

iel teT
T
+ Z Z Cit — Z fi‘r Z,/t*
iel teT\{T} T=t+1
+ ZZﬁtY:0+ZZZV aJts
iel teT JjeJ teT se$
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Lagrangian relaxation based procedure

Initialization: af0ljgs =0forje J,teT,seS.
LB = V(LRla[o]) + V(LRQa[o]), UB = V(UBQ[O])
Update a[0] to a[1].
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Lagrangian relaxation based procedure

Initialization:  «a[0]js =0for je J,t € T,s € S.
LB = V(LR1,(g) + V(LR2,(g)), UB = V(UB,()).
Update «[0] to «f1].
General Step: LB, = V(LR1,) + V(LR244)-
If LB, > LB, then LB := LB,.
UB, = V(UB,g)- If UB, < UB, UB := UB,.
Update afx] to alx + 1].

Marin, Martinez, R.Chia, and Saldanha A stochastic multi-period covering model September 27-29, 2017



Lagrangian relaxation based procedure

Initialization:  «a[0]js =0for je J,t € T,s € S.

LB = V(LR1,(g) + V(LR2,(g)), UB = V(UB,()).
Update «[0] to «f1].

General Step: LB, = V(LR1,) + V(LR244)-
If LB, > LB, then LB := LB,.
UB, = V(UB,g)- If UB, < UB, UB := UB,.
Update afk] to afx + 1].

Stop criterion: e Small LB-UB gap (0.01%).
e Number of iterations (500).
e Small value of €[x] (e[«] < 0.005).
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Computational results

o Intel(R) Core(TM) i7-4790K CPU 32 GB RAM

@ C++ using ILOG Concert Technology CPLEX 7.0.
@ Generated instances:
Demand points and potential facilities in [0, 10] x [0, 50].
m, n € {30,50,100}, T € {3,5,10}, S € {3,5,10}.
Opening/closing/operating costs in [1,10].
Surplus benefits/ shortage costs in [1, 10].
Covering capability based on the distance between points,
decreasing in the planning horizon and different depending
on the scenario.
°oe=21i€l b =round(0.3 x Z,.e, a,?jt), random

pr € U{max{1,0.1J]},0.3|J|},
e s are random generated.
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Formulation results

m/n T=3/S=3 T=3/S=5 T=5/5=10
LP-/BB-Gap OPT-Time LP-/BB-Gap OPT-Time LP-/BB-Gap OPT-Time
9.15 3.33 7.22 2.66 20.76/0.01 943.88
13.92 1.30 12.89 14.33 19.17/2.22 >10800
30 9.56 157 14.74 1.84 12.45/0.01 1242.70
7.98 3.54 19.50 25.74 37.31/3.7 >10800
13.99 1.42 14.64 8.38 13.02/1.08 >10800
10.67 1320.88 20.19 573.93 11.26/5.6 >10800
5.06 3.62 4.00 12.07 21.02/11.35 >10800
50 4.98 1.79 10.23 1810.31 11.94/6 >10800
13.36 135.08 8.03 9295.68 4.76/0.01 3188.16
10.97 1716.52 8.18 372.20 10.62/3.51 >10800
5.16/0.19 >10800 19.26/4.15 >10800 23.27/16.49 >10800
18.26/6.34 >10800 11.54/5.38 >10800 12.17/8.8 >10800
100 9.08/3.96 >10800 11.57/6.38 >10800 21.39/13.59 >10800
11.38/2.04 >10800 11.02/4.06 >10800 13.49/9.37 >10800
17.83/5.23 >10800 12.00/4.24 >10800 15.54/10.86 >10800
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Lagrangian relaxation based procedure

T=3/5=3 T=3/5=5 T=5/5=10
Gap LAG-T OPT-T Gap LAG-T OPT-T Gap LAGT OPT-T

30 0.22 2.40 3.33 0.56 4.27 2.66 0.00 17.00 943.88
2.01 271 1.30 0.00 4.06 14.33 157 18.85 >10800
0.51 2.90 1.57 0.00 4.29 1.84 0.00 16.71 1242.70
0.43 2.68 3.54 0.37 4.17 25.74 0.25 16.24 >10800
0.89 2.57 1.42 0.25 4.69 8.38 409 1587 >10800

50 0.92 5.84 1320.88 0.43 9.69 573.93 -0.79 4571 >10800
0.63 7.68 3.62 0.00 13.27 12.07 -0.92  46.79 >10800
0.00 7.57 1.79 0.64 9.11 1810.31 -1.37 5446 >10800
0.25 8.41  135.08 112 9.82  9295.68 0.19 4825 3188.16
0.50 7.48 1716.52 032 10.83 372.20 0.66 50.64 >10800

100 091 2235 >10800 098 4495 >10800 -8.71 208.37 >10800
-0.04  19.33 >10800 -2.02  48.72 >10800 -4.38 249.65 >10800
-0.71  27.20 >10800 -1.52  53.27 >10800 -2.94 189.48 >10800
0.04 2485 >10800 -0.02 4552 >10800 -4.06 219.87 >10800
-0.80  24.87 >10800 -0.74  38.27 >10800 -5.28 21249 >10800
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Conclusions an ure research

Conclusions
@ General covering model

e Uncertainty
e muti-periods

@ Development of a formulation

o Lagrangian relaxation based procedure
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Conclusions and future research

Conclusions
@ General covering model

e Uncertainty
e muti-periods

@ Development of a formulation

o Lagrangian relaxation based procedure
Future research

o Valid inequalities for the formulation.

@ Particularizations of the model.

@ Development of alternative formulations.
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Thank you for your attention!
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